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Ceoiicmeo 4. Dyuxknua y=1{g x BO3pacTaeT Ha UHTEpBaJe [“2‘; '2' .

Boo01e PYHKIMA BO3pacTaeT Ha JoO0OM HMHTepBaJjie BUAA

—E+1|:k; E+1|:Ii:;/7i:eZ.
2 2

Ceoiicmeéo 5. Pysxkuua y = tg x He orpaHMuYeHa HU CBepxXy, HH
"HU3Y (3TO CBOMCTBO MIIJIIOCTPHPYET JIUHHS TAHT'E€HCOB, CM. C. 54).

Ceolicmeo 6. Y dpyakuuu y = tg x HeT HU HauboJbIIero, HA HaU-
VEeHbIIIero 3Ha4YeHHM.

Ceéoucmeo 7. dysruua y = tg x HenpepblBHA Ha UHTepBaJe

T T .
—5; 9 | Boob6mie byHKIINA HenmpephsIBHA Ha JIIOOOM HMHTEpBajie BUAA

(—£+nk; E+1|:k].
2 2

B Toukax x = —g— + mk QyHKUuUA npereprneBaeTr pa3peiB. Kaxkaasa

n

IpAMAs BUAA X = 5

+ 7tk CAYXKHUT BepTHKAJbLHOM aCUMIITOTOM rpadpuka

byHKIIUHA.

Ceoticmeo 8. E(f) = (—o0; +00).

Paccyxxpasa aHAJOTMYHO, MOKHO IOCTPOMUTH rpad@uK (QPyHKIIUU
y = ctg x (puc. 95). I'padurk pynkuuun y = ctg x, Kak u rpapuk GyEKIIUA
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y = tg x, Ha3LIBAIOT MaHzeHcoudoi. I'nasnoii Bemeavio rpadpuxa QyHK-
U Yy = ctg x OOBIYHO HA3BIBAIOT BETBb, 3aKJIOYEHHYIO B II0JIOCE OT

x =0 gm0 x =m.
IIpumep. Pemnurs ypaBHenue tg x = J§ .

Pemenue. Bele MBI y)Ke pelIMIN 3TO YpPaBHeHHEe — C IIOMO-
b0 JUHUN TaHreHcoB (cM. npumep 10a B § 6). Ceifuac MBI pelnmum
3TO ypaBHeHHue rpadpudyecku. IloctpouM B ogHOIT cucTeMe KOOPAHHAT
rpadpuky QyHKOUN Yy = tg X — TaHTeHCOHAY U Y = J§ — HOPAMYIO,
napajnaeldbayilo ocu x. OHM HMelOT 0eCKOHEYHO MHOIO TOUYEK
nepeceueHusa (puc. 96), npuuem abCIHCCHI 3THX TOYEK OTJINYAIOTCSH
apyr or apyra Ha nk. Ha riaBHOM BeTBM aOcIiiyicca COOTBETCTBYIOILEH

n T
TOYKY PaBHa 3 (MBI BOCIIOIB3OBAJINCH T€M, UTO tg 3 = v3), aro oaun
o n
KOPeHb YPaBHEHN, a BCe PEIIeHNs ONUCHIBAIOTCH (QOpMyIIoi x = 5 + Tk.

Omeem: x = % + 1k, k€ Z.
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§ 15. APKKOCUHYC. PeuwieHue ypasHeHust cos t = a

B riiaBe 2 MBI y)Ke pelllajii HeKOTOpPble YPaBHeHUA BUja cos t = a.

Hampumep, OJA YpPaBHEHUA COS t = % C IIOMOIIIBIO UYHCJIOBOIl OKPYK-

HocTH (puc. 97) maxoaum: ¢t = i% + 2nk, a Ana ypaBHeHHud cost =1

noayudaeM (puc. 98): t = 2nk (rome, HamoMHUM, k € Z).

2 .
Temepr paccMOTpHM ypaBHEHHE COS ¢ = E - C noMomIbI0 YHCJIOBOM

OKPY:KHOCTH mojayuaem (puc. 99): 77
t=t1+21tk, t=t2+21'|:k, T
rae t, — gauHa anyru AM, a t, = —t,. y \3\
Ho uTo 3T0 3a uncio t,, IOKa HEenu3- // -] N
I
BECTHO, SICHO TOJIKO TO, 4TO #; € [O; %] R
CTOJIKHYBIIINACH C IOAOOHOM cUTyaIuei, O x
MaTeMaTUKH MOHAJHU, UTO HAAO IIPH-
AyMaTh CIIOCOO ee omMcaHHUA Ha MaTe- \\\ //
MaTU4YeCKOM A3bIKe. OHU BBeJH B pac- —%
o I
CMOTpPEHHEe HOBEIMI CHMBOJI arccos —g—,
Puc. 97
77\ . NN
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KOTOPBIHl UHUTAETCA: AGPKKOCUHYC 08yx nambvlx (arcus B mepeBoje C
JIATUHCKOro 3HA4YUT dyza, CPaBHUTE CO CJIOBOM @PKA), U C IIOMOIIBLIO

2
3TOro0 CUMBOJIA TAUHCTBEHHEBIE KOPHU {; U {, YPABHEHUA COS t = 5 3a-

Nnucaayu Tak:
2 2
t, = arccos 5 t, = —arccos 5 -
2
Tenepr Bce KOPHU YpaBHEHHA COSt = 5 MOXXHO OIHCATh ABYMA
dopmynamMu:
t = arccos % + 2nk, t = —arccos % + 271tk

Uau, ooodmasa, ogHON (POPMYJIOMH:

t = tarccos % + 2nk, kcZ.
Yro ke Takoe arccos % ? 91o umeio (pauHa ayru AM), KOCHUHYC

KOTOPOT'0 PaBeH % 1 KOTOpPOe INPHUHAAJIEKHUT OTPE3KY [0; 125] .

2 o
3aMeuanue. CHuMBOJ arccos B, COCTOHT KaK OBI M3 TPex YacTeii: cozep-

JKHUT HOBBIM MaTeMaTH4YeCKHU# 3HAK (arc), HamoMuHaHue 00 MCXOMHON (PYHK-
nuu (cos t) M, HAKOHell, HaIlIOMHHaHNe O IIPaBO¥M YacCTH ypaBHeHUHA, B IIPH-

2
BeJIeHHOM HaMH cCJjiyyae — O 4YucJjie g.

Tenepp paccMOoTpHM ypaBHEeHUE COSt = —%. C moMoOIbI0O 4YHCJO-
BOH OKpyxHOCTH (puc. 100) monyuaem:
y‘ t = tl + 21l:k, t = t2 + 21l:k,
, B rae t, — anuHa ayru AM, a t, =
M‘.tl)j
s N = —t,. Uucygo t; 0603HaAUYAIOT CHMBO-
AT $)
|' JIOM arccos |~ | ¥ 3alUCHIBAIOT BCe
|
C R Al 9
) X| KOpPHHU YPAaBHEHHUA COSl=— § crexnymo-
L 7 M obpasom:
N d 2
- t = arccos | —% | + 2k,
P(t) T p 9
|
| 2
= —arccos |~ g | + 2nk.
Puc. 100
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Hanucasnsie ABe GOPMYJBI MOXKHO O0'beIHHUTHh B OJAHY:

t = tarccos (—%) + 21k.

Yro ke Takoe arccos (-%)? Idro uncio (anuuaa ayru AM), Kocu-
2 T.
HYC KOTOPOTO PaBeH — & M KOTOPOe NPUHANJIEKUT OTPE3KY | o3 T |.
ChopmyaupyeMm omnpepeiieHe apKKOCHHYcCa B oOIeM BHIeE.

OnpedeneHue. Ecnu |a| < 1, To arccos a (apKkKocHRYC a) — 3TO
TaKoe 4ucjo u3 orpeska [0; ], kocuHyc Koroporo paseH a (puc. 101).

Nrak,

ecau |a|< 1, TO
cost = a,
O<t<m

arccos a =1t & {

B npuBeseHHOH BEHIIIEe 3alIMCH CMMBOJI < MOXHO IIPOYUTATH TaK:
«3TO 3HAYUT, UTO».

Tenepp MBI B COCTOAHUHY CAEJIATH OOIMMII BLIBOJ O pPeIlleHUU ypaB-
HeHuda cost = a.:

Ecau |a| < 1, mo ypaenenue cost = a umeem pewenus

t = tarccosa + 2nk, kK € Z.





image12.png
IIpaBza, B Tpex ciaydyaAx NPeAINOYHUTAIOT IOJb30BaThCA HE IOJY-
YeHHOH 00miey hopmyJsion, a 6ojiee IPOCTHIMM COOTHOIICHUAMHM:
n
2

eciucost =1, Ttot = 2nk;

ecimcost=0,T0t = + Ttk;

eczimcost=-1, ot =7 + 2nk.

IIpumep 1. BeruncaunTts:

a) arccos 1 ; B) arccos 0;
J2
0) arccos [_T]; r) arccos 1.
Pemenue. a)Ilycts arccos % =t. Torga cos t = % nt € f0; rj.
T T 1 T 1 T
3HauwuT, { = 3 » IOCKOJIBKY €COS 3 =5 M g € [0; x]. UTak, arccos 2 =3
V2 ) _ V2

6) IIycTe arccos — | =t Torma cos t = ——5 HtE [0; =]. 3na-

YUT, t = 37”, IIOCKOJIBKY COS 3%‘ = —@ U 374” € [0; r]. Urak,

arccos (_ll—z—z-} = 3r .

B) Ilycte arccos O = t. Torga cost = 0 n t € [0; =n]. 3Hauur,

t = —125 , IOCKOJIBKY COS % =0mn —125 € [0; nt]. Uraxk, arccos 0 = —125 .
r) Ilycrs arccos1 = t. Torga cost =1 u t € [0; =n]. 3nauur,
t =0, mockoabpKy cos 0 =1 u 0 € [0; «t]. Urak, arccos 1 = 0. <nm

Teopema. Jna moboro a € [—1; 1] BeInosHAETCA PABEHCTBO
arccos a + arccos (—a) = .

HoxaszaTenscTBO. Byiem cunmTaTh AJA ONpefeIeHHOCTH, UTO
a > 0. OrmeTuMm arccos @ Ha UHMCJIOBOM OKPYXHOCTH — 3TO AJIHNHA
nyru AM; arccos (—a) — paumHa ayru AP (puc. 102). lyru AM u PC
CHMMETPHUUYHBI OTHOCHTEJIbHO BePTHKAJBHOTO AaMeTpa OKPY»¥KHOCTH,
3HAYHUT, 3TH AYTH paBHEI o aauHe. [loayuaem:

arccos a + arccos (—a) =AM + AP =
=PC+AP=AC=m. ®
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Ha npaKTHKe IOJYYeHHOE COOTHOIIEHMe yAoOHee HMCIIOJb30BATh
B CJEeAYIOIeM BHeE:

arccos (—a) = w — arccos a, rme 0 < a < 1.

IIpu aTOM YYHTHIBAIOT, UTO B CjJy4ae, Korga a > (0, 4ucJI0 arccos a

IPUHAJIEIKUAT UHTEPBAIY (O; 125)

N2 _ J2 ___n_3n
Hanopumep, arccos[ 2 ) =T —arccos 5~ =M~ ¥ =
Takoil ke pe3yiabTaT OBLI MOJY- 77 \
yeH BRIIIE IIPH pelleHnH nmpumepa 10. B
P M
IIpumep 2. PemnTte ypaBHeHHe: /‘ TETTIN
/ AN
a) cost=§; B) cost=.—?-;
C Al
—a |O a x
6) cost = —ﬂ; r)cost=-1,2.
N )4
Pemenue. a) CocraBum ¢op- S 7
MyJy pelieHuM: D
_ V3
t = tarccos 5 + 27k. PUC. 102

BriunciauM 3HaueHHE apKKOCHUHYcCA:

J3 _ =

arccos —§- = g

IloacTaBuM HaiineHHOe 3HAUeHHe B (OpMYJIy pelleHHMH:

t=i% + 2nk.

6) CoctaBuM hOpPMYyJy peIIeHMIA:

t = *arccos [—@} + 2nk.

Buiuncinm 3HaueHMe apKKOCHHYCA:

__~/_—3__ _ ﬁ_ _n _ 3
arccos[ 2)—111 .‘:II'CCOS2 =7 6 - 6 °
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IToncTaBuM HalileHHOE 3HaueHHE B (GOpMYyJly pemIeHn:

9)

t=J_r?’t + 2rk.

B) CoctaBum popmysy peleHHI:
t = arccos % + 2nk.

BrruucanTts 3HaueHNEe apKKOCHMHYCa B JaHHOM CJIydae Mbl He MOYKeM,
IIO3TOMY 3aIIMCh pellleHNi1 YpaBHEHHA OCTaBHM B IIOJIYYEHHOM BHIIE.
r) Tak kak —1,2 < —1, To ypaBHeHue cos t = —1,2 He UMeeT penre-

HHUH. - <a
IIpumep 3. Pemursr HepaBeHCTBO

cost > 0,3.

77 WL Pemenue. Yurem, uro cos t — abe-
nucca Touku M(f) 4HMCJIOBOl OKPYXK-
HOCTH. 3HAUMUT, HAJO HAWTH TaKHe TO4-
: \\ K1 M(t), Jexkale Ha OKPY>KHOCTH, KOTO-
I phie YAOBJIETBOPAIOT HepaBeHCTBY x > 0,3.
: IIpamaa x = 0,3 nepecexkaeT YHCJIOBYIO
OKpYy>KHOCTb B Toukax K u P (puc. 103).
HepaBserncrsy x > 0,3 COOTBETCTBYIOT TOY-
N x4 KM OTKpHITON Ayru KP. I'nmaBHBle MMeHa

N Kjp Touek K u P B 3TOM ciaydae — COOT-
1 BeTCTBeHHO —arccos 0,3 u arccos 0,3. 3Ha-
YUT, aHAJUTHUYecKada 3anuch ayru KP
Puc. 103 nMeeT BU[

Q
3
Y

—arccos 0,3 + 2nk < t < arccos 0,3 + 2nk. <nm
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§ 14. dyHKyuu y=tg x, y = ctg x,
ux csoucmsa u 2paduxu
PaccmorpuMm cBoiictBa QyHKIUU Yy = tg x, mnpudyeM B IIEpPBYIO
odyepeab Te, KOTOpPhIe MOMOIYyT COCTABUTHL IIPeACTaBJIeHHE O rpaduke
dbyHKIMH (OOJBITMHCTBO M3 3TUX CBOMCTB (PAaKTHYECKHM M3BECTHO M3

§ 6). Korga Takoe npeacraBjieHle CJIOXKHUTCA, HAYHEM CTPOUTh rpadpuk,
KaK OOBbIYHO, II0O TOUYKAaM.

Ceoticmeo 1. ObnacTb onpenesieHusa GyEKIUU Yy = tg x — MHOXKe-
CTBO BCe€X JAEMCTBUTEJNbHBIX UHCEJ, 3a HUCKJIIYEHNEeM YHCeJI BUAA

x=% +nk, ke Z.

ITO CBOMCTBO O3HAYaeT, 4TO Ha rpadpuke GPyHKUHUH y = tg X HeT
TOYKH, IIPHHAAJIEKAINeH IPAMO’ X = % , HET TOYKH, IIPUHAaAJIeXKallei

IPAMOMN X = —32£ , HET TOYKH, IPUHAAJIEeKAIleld NPAMON X = 57“ , HeT

TOUYKH, NPHHAAJNEXAallle NPAMOHu X = —% , 4 T. A. OTH NpAMBIe

IIPOBeAeHbl MIYHKTUPOM Ha pHcYyHKe 91.

82
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YA

_3n xn 0 n 3n 5n | |*
| 2 2 2 2 2
Puc. 91
ITepBoe nmpeacraBiieHne O rpadHKe IOJYYEHO: OH COCTOUT uU3 Oec-
KOHEUHOT'0 MHOXKECTBa BeTBeH (B IOJIOCE MEXKAY X = ——’25 U X = % ,
_ T 31
B MOJIOCE MEKIY X = 5 U X = 5~ U T. I.).

Ceolicmeéo 2. y = tg x — nepuoanueckas QPyHKIHNA C OCHOBHBIM
IIepUOJIOM T.

To, 4TO T — HepHoh, CIeAyeT U3 ABOIHOrO PaBEHCTBA
tg(x —n)=tgx =tg(x + n),

nojiyyeHHoro B § 6. To, 4To T — OCHOBHOITI MepHo, HATJIAIHO HJIIJIIO-
cTpupyer pucyHok 91.

3HAYHUT, €CJIA MBI IOCTPOMM BeTBb I'paddiKa B MOJIOCE OT X = —% i (o)

T
X = 5 , TO 3aTeM HYXXHO OyzeTr CABUHYTh IIOCTPOEHHYIO BETBb 110 OCH X

BIIDABO M BJIEBO Ha W, 2W, 3N U T. A. TeMm caMbIM IIOJIY4EeHO BTOpOE
IpeacTaBjJieHUe O rpajpuke.
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Ceouicmeo 3. y = tg x — HeueTHasa GyHKIHA.

JTo cienyeTr U3 JOKas3aHHOro B § 6 coorHomenus tg (—t) = —tg t.

I'paduk HeueTHOM PYHKIMH CHMMETPHYEH OTHOCHTEJbHO Hadaja
KOOpANHAT. 3HAYUT, AOCTATOYHO IOCTPOUTH 4YacTh rpadHkKa Ha Ipo-

I ' a 3aTeM BOCIIOJb30BATHCH YKa3aHHOU CHM-

Mexxytke ot 0 mo 9

MeTpHei.
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IIpuctynum kK mocrpoenuio rpaduka QykHOUA Y = tg X HA MOJY-

HHTepBaJe [O; %) BribepeM KOHTPOJIbHBIE TOUKH:

——

T
X 0 | 1

tg x 0

w"g' =]
=Y
§| w|a
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OTMeTHM 3TH TOYKH HA KOOPAUHATHON IIJIOCKOCTH M IPOBEJEM
yepe3 HHUX OJaBHYI0 KpuBylo (puc. 92). IlobaBuM JMHHIO, CHUM-
METPHUYHYIO IMOCTPOEHHON KPHUBOH OTHOCHUTEJNBHO HAYajia KOOPAHHAT
(puc. 93). Bocmoab30BaBIIUCh EePUOAMYHOCTHIO, JOCTPOUM rpadHUK OO0
KouIa (puc. 94).

I'paduk dysKnun y = tg x HaspIBaIOT maHzerncoudoit. Ty ee uacrs,
KOTOpaA n3o0paxxkeHa Ha pucyHKe 93, 0ObLIYHO HA3bIBAIOT 21A8HOI 8em-
68b}0 TAHTE€HCOUIHI.

OOparuTe BHNMaHHe Ha TO, YTO M3 Havajia KOOPAWHAT IJIaBHAA
BeTBb TAHT'€HCOHBLI BRIXOANUT KakK OnI oz yrJaom 45°. Ilouemy aTo Tak,
BHlI y3HaeTe u3 § 28.

OTMeTHM ellle HECKOJBKO CBOMCTB QYHKIUU Yy = tg Xx.
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